The core concepts of rough set theory are information systems and approximation operators of approximation spaces. Approximation operators draw close links between rough set theory and topology. This paper is devoted to the discussion of fuzzy rough sets and their topological structures. Fuzzy rough approximations are further investigated. Fuzzy relations are researched by means of topology or lower and upper sets. Topological structures of fuzzy approximation spaces are given by means of pseudoconstant fuzzy relations. Fuzzy topology satisfying (CC) axiom is investigated. The fact that there exists a one-to-one correspondence between the set of all preorder fuzzy relations and the set of all fuzzy topologies satisfying (CC) axiom is proved, the concept of fuzzy approximating spaces is introduced, and decision conditions that a fuzzy topological space is a fuzzy approximating space are obtained, which illustrates that we can research fuzzy relations or fuzzy approximation spaces by means of topology and vice versa. Moreover, fuzzy pseudoclosure operators are examined.
Introduction
Rough set theory, proposed by Pawlak [1] , is a new mathematical tool for data reasoning. It may be seen as an extension of classical set theory and has been successfully applied to machine learning, intelligent systems, inductive reasoning, pattern recognition, mereology, image processing, signal analysis, knowledge discovery, decision analysis, expert systems, and many other fields [2] [3] [4] [5] .
The basic structure of rough set theory is an approximation space. Based on it, lower and upper approximations can be induced. Using these approximations, knowledge hidden in information systems may be revealed and expressed in the form of decision rules (see [2] [3] [4] ). A key notion in Pawlak rough set model is equivalence relations. The equivalence classes are the building blocks for the construction of these approximations. In the real world, the equivalence relation is, however, too restrictive for many practical applications. To address this issue, many interesting and meaningful extensions of Pawlak rough sets have been presented. Equivalence relations can be replaced by tolerance relations [6] , similarity relations [7] , binary relations [8] [9] [10] , and so on.
Various fuzzy generalizations of rough approximations have been proposed [11] [12] [13] [14] [15] [16] . The most common fuzzy rough set is obtained by replacing the crisp relations with fuzzy relations on the universe and crisp subsets with fuzzy sets. Dubois and Prade [11] first proposed the concept of rough fuzzy sets and fuzzy rough sets and pointed out that a rough fuzzy set is a special case of a fuzzy rough set. Now, fuzzy rough sets have been used to solve practical problems such as data mining [17] , approximate reasoning [5] , medical time series, and case generation [18] .
There are two approaches to the development of fuzzy rough set theory as in classical cases. One is the constructive approach in which lower and upper approximation operators are constructed from fuzzy relations. The other one is the axiomatic approach in which the lower and upper approximation operators satisfy a set of axioms that are the same as those constructed ones. Morsi and Yakout [19] provide the axioms for fuzzy rough set model. Wu et al. [16] presented 2 Mathematical Problems in Engineering a general framework for the study of fuzzy rough sets in which both constructive and axiomatic approaches are used. Yeung et al. [20] researched the generalization of fuzzy rough sets and established a connection between fuzzy preorders and saturated Kuratowski fuzzy closure operators satisfying an additional condition.
Topological structure is an important base for knowledge extraction and processing. Therefore, an interesting and natural research topic in rough set theory is to study the relationship between rough sets and topologies. Many authors studied topological structures of rough sets [21] [22] [23] [24] [25] [26] . It is known that the pair of lower and upper approximation operators induced by a reflexive and transitive relation is exactly the pair of interior and closure operators of a topology [21, 27] .
In the study of topological structures of fuzzy rough sets or fuzzy approximation spaces, Qin and Pei [28] investigated topological structures of fuzzy rough sets and pointed out that there exists a one-to-one correspondence between the set of all reflexive, transitive fuzzy relations and the set of all fuzzy topologies satisfying (TC) axiom; Hao and Li [29] discussed the relationship between -fuzzy rough set and -topology. Zhou et al. [30] and Wu and Zhou [31] studied intuitionistic fuzzy rough sets and intuitionistic fuzzy topologies.
Topological structures of approximation spaces may have some applications in information science. In practical, it often happens that some attribute values for an object of an information system are missing. For such incomplete information systems, Kryszkiewicz [32, 33] and Salama [34] studied the rule generation and information recovery by rough set approach and topological method, respectively.
The purpose of this paper is to investigate further topological structures of fuzzy approximation spaces.
The remaining part of this paper is organized as follows. In Section 2, we recall some basic concepts about fuzzy sets and fuzzy topologies. In Section 3, fuzzy rough approximation operators are further investigated and fuzzy relations are researched by means of topology or lower and upper sets. In Section 4, topological structures of fuzzy approximation spaces are given. In Section 5, fuzzy topology satisfying (CC) axiom is investigated, concept of fuzzy approximating spaces is introduced, and the decision conditions that a fuzzy topological space is a fuzzy approximating space are obtained. In Section 6, fuzzy pseudoclosure operators are considered. Some concluding remarks appear in Section 7.
Preliminaries
Throughout this paper, denotes a nonempty finite set called the universe of discourse. denotes [0, 1]. 2 denotes the family of all subsets of . ( ) denotes the set of all fuzzy sets in . For ∈ , denotes the constant fuzzy set in .
We recall some basic operations on ( ) as follows [35] : for any , ∈ ( ) and ∈ ,
where { : ∈ } ⊆ ( ).
For each ∈ ( ), we denote
Obviously, = 0 ⇔ = for some ∈ . A fuzzy set is called a fuzzy point in , if it takes the value 0 for each ∈ except one, say, ∈ . If its value at is (0 < ≤ 1), we denote this fuzzy point by , where the point is called its support and is called its height (see [36] ). Denote
Specially,
For a fuzzy point and ∈ ( ), we defined ∈ by ⊆ . Obviously,
Definition 2 (see [37] ). Consider ⊆ ( ) is called a fuzzy topology on , if
(ii) , ∈ implies ∩ ∈ ;
The pair ( , ) is called a fuzzy topological space. Every member of is called a fuzzy open set in . Its complement is called a fuzzy closed set in .
We denote = { ∈ ( ) : ∈ }. The interior and closure of denoted, respectively, by int( ) and cl( ) for each ∈ ( ) are defined as follows: 
then is a fuzzy topology in the sense of Chang [38] . We can see that a fuzzy topology in the sense of Lowen must be a fuzzy topology in the sense of Chang. In this paper, we always consider the fuzzy topology in the sense of Lowen.
A fuzzy topology is called Alexandrov [39] if (ii) in Definition 2 is replaced by
Definition 3 (see [36] ). Let ( , ) be a fuzzy topological space and let ∈ ( ) and ∈ ( ). is called a closed remote neighborhood of , if ∈ and ∉ .
Denote
: is closed remote neighborhood of } .
Definition 4 (see [36] ). Let ( , ) be a fuzzy topological space. Consider the following.
(1) ( , ) is called −1 , if for any , ∈ ( ) and < , there exists ∈ − ( ) such that ∈ , or, there exists ∈ − ( ) such that ∈ .
(2) ( , ) is sub-0 , if for any , ∈ and ̸ = , there exist ∈ (0, 1] and ∈ − ( ) such that ∈ , or, there exist ∈ (0, 1] and ∈ − ( ) such that ∈ .
Definition 5 (see [40] ). Let be a relation on . For each ∈ , denote
( ) and ( ) are called the predecessor and successor neighborhood of , respectively.
Fuzzy Rough Sets and Fuzzy Rough Approximation Operators
In this section, we review rough approximation operators and rough sets in fuzzy environments and further researched their properties.
Recall that is a fuzzy relation on if ∈ ( × ). may be represented by a matrix. That is, if = { 1 , 2 , . . . , }, then may be represented by the following matrix:
) . Definition 6 (see [28] ). Let be a fuzzy relation on . The pair ( , ) is called a fuzzy approximation space. The fuzzy lower and the fuzzy upper approximation of ∈ ( ) with respect to ( , ), denoted by ( ) and ( ), are respectively, defined as follows:
(10)
The pair ( ( ), ( )) is called the fuzzy rough set of with respect to ( , ).
: ( ) → ( ) and : ( ) → ( ) are called the fuzzy lower approximation operator and the fuzzy upper approximation operator, respectively. In general, we refer to and as the fuzzy rough approximation operators.
Remark 7. Let ( , ) be a fuzzy approximation space. Then
Let ( , ) be a fuzzy approximation space. ( , ) is call reflexive (resp., preorder) if is reflexive (resp., preorder).
Proposition 8 (see [15, 28] ). Let ( , ) be a fuzzy approximation space. Then for any , ∈ ( ), { : ∈ } ⊆ ( ) and ∈ ,
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Theorem 9 (see [16, 28, 41] ). Let ( , ) be a fuzzy approximation space. Then Consider the following
Theorem 10 (see [16, 28] ). Let ( , ) be a preorder fuzzy approximation space. Then for each ∈ ( ),
(2) If is reflexive, then for each ∈ , ( ) = = ( ).
Definition 12. Let ( , ) be a fuzzy approximation space.
(
Proposition 13. Let ( , ) be a fuzzy approximation space. Then the following are equivalent:
we have
Thus is a lower set in ( , ).
(2)⇒(3). This is obvious.
(3)⇒(1). Suppose that is an upper set in ( , 
Proof. This holds by Theorem 9(1) and Proposition 13.
Theorem 15. Let ( , ) be a fuzzy approximation space. Then
Proof. (1) and (2) are obvious.
Theorem 16 below illustrates that fuzzy relations can be researched by means of topology.
Theorem 16. Let be a fuzzy relation on and let be a fuzzy topology on . If one of the following conditions is satisfied, then is preorder:
(1) is the closure operator of ; (2) is the interior operator of .
Note that is the interior operator of . Then for each ∈ ,
Thus is reflexive. For any , , ∈ , denote cl ( 1 )( ) = , and by Remarks 1 and 7 and Proposition 8(6),
Then is transitive. Thus is preorder.
(2) The proof is similar to (1).
Proposition 17. Let ( , ) be a fuzzy approximation space.
Then for each ∈ ( ) with ̸ = 0, Consider the following.
Sufficiency. Suppose that ( ) holds. Let ∈ . Consider the following.
(i) If ∈ ( ) ( ), then
(ii) If ∉ ( ) ( ), then ( ) ≥ ( ) and so
Hence
Then ( ) ∧ ( , ) ≤ ( ) ( , ∈ ) for any , ∈ . Since ( ) > ( ) for each ( , ) ∈ , we have
Sufficiency. Suppose that ( ) holds. Let ∈ . (i) If ∈ ( ) ( ), then ( , ) ∈ and so
This holds by (1), the reflexivity of and Theorem 9(1).
Proposition 18. Let ( , 1 ) and ( , 2 ) be two fuzzy approximation spaces. Then for each ∈ ( ).
By Proposition 8(3),
(2) (a) By Theorem 9(1), 2 ( 1 ( )) ⊆ 2 ( ) and 2 ( 1 ( )) ⊆ 1 ( ). By (1),
Similarly, we can prove that
For each ∈ , by 1 ⊆ 2 and the transitivity of 2 , we have
Fuzzy Approximation Spaces versus Fuzzy Topologies
In this section we give topological structures of fuzzy approximation spaces (i.e., structures of the topology induced by fuzzy approximation spaces). (1) is an Alexandrov fuzzy topology on .
(3) ∈ ( ) ⇔ = ( ).
(4) For each ∈ , ∈ ( ) .
Proof. (1) (i) For each
∈ , by the reflexivity of and Remark 11(2), ( ) = . Then ∈ .
(ii) Let { : ∈ } ⊆ . Then ( ) = for each ∈ . By Proposition 8(5),
Hence ⋂ ∈ ∈ . (iii) Let { : ∈ } ⊆ . Then ( ) = for each ∈ . By the reflexivity of and Theorem 9(1), (⋃ ∈ ) ⊆ ⋃ ∈ . By Proposition 8(2),
Then (⋃ ∈ ) = ⋃ ∈ . So ⋃ ∈ ∈ . Hence is Alexandrov. 
By the reflexivity of and Theorem 9(1), 
Then is not reflexive. For any ∈ ( ) and ∈ ,
Then ( ) ≥ ( ) for each ∈ { , , }.
Obviously, is an Alexandrov fuzzy topology on . (1) ( , ) is not connected.
Proof. (1) This holds by Theorem 20.
(2) For any , ∈ ( ) with < , put ∈ ( , ) and we have ∉ . By Theorem 20(4), ∈ − ( ). Note that ∈ . Then ( , ) is −1 . (3) (a) For any , ∈ with ̸ = , since ( , ) is sub-0 , then there exist ∈ (0, 1] and ∈ − ( ) such that ∈ , or there exist ∈ (0, 1] and ∈ − ( ) such that ∈ .
(i) If there exist ∈ (0, 1] and ∈ − ( ) such that ∈ , then ( ) ≥ > ( ). By Theorem 20(3) and ∈ ( ) , ( ) = . By ( , ) ∈ and Proposition 17(2),
Then ( , ) < 1.
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(ii) If there exist ∈ (0, 1] and ∈ − ( ) such that ∈ , then we can prove that ( , ) < 1. 
By Proposition 17(2), ( ) = . By Theorem 20(3), ∈ ( ) . Note that ( ) = < . Then ∈ − ( ). Obviously, ∈ . Hence ( , ) is sub-0 . Proposition 24. Let 1 and 2 be two reflexive fuzzy relations on . Then
(50)
is an Alexandrov fuzzy topology on .
, 2 ( ) = . By 1 ⊆ 2 , Proposition 18(1), the reflexivity of 1 and Theorem 9(1),
Hence ∈
1
. Thus
(ii) If > 0, put = ∈ ( ), then = {( , ) : ∈ − { }}. For any ( , ) ∈ , by
and Proposition 17(2), 1 ( ) = . So ∈ 1 . Note that
, by Proposition 17(2),
(54) 
, we have = 1 ( ) and = 2 ( ). By Proposition 18(1),
Then ∈ 1 ∪ 2 . Thus
Definition 25. Let be a fuzzy relation on . is called pseudoconstant if there exists ∈ such that for any , ∈ ,
We write by * or * × .
That is,
Obviously, every pseudoconstant fuzzy relation is an equivalence fuzzy relation.
Remark 26. (1) For any
Remark 27. Let be a reflexive fuzzy relation on . Then * ⊆ ⊆ * .
The following theorem gives the topological structure of reflexive fuzzy approximation spaces.
Theorem 28. Let ( , ) be a reflexive fuzzy approximation space.
(1) Consider = 1 * ∪ { ∈ ( ) : ∀( , ) ∈ , ( ) ∨ ( ) ≤ 1 − ( , )}.
(2) Consider * ⊆ ⊆ * . 
Fuzzy Topologies Induced by Preorder Fuzzy Approximation Spaces
Theorem 29 (see [28] ). Let ( , ) be a preorder fuzzy approximation space. Then consider the following.
(1) is a fuzzy topology on .
(2) is the interior operator of . 
Then is reflexive. Note that
Then is not transitive. So is not preorder. Pick 
(1) Since
we have ( ( )) ̸ = ( ). Then ( ) ∉ . Thus
(65) (2) Obviously, = . Note that ( ) ∉ and int ( ) ∈ . Then
cl ( ) ̸ = ( ) .
Thus, is not the interior operator of and is not the closure operator of . 
Then is neither reflexive nor transitive. For each ∈ ( ), since
we have ( ( ( ( )))) = . Then = ( ). Obviously, is a fuzzy topology on .
Thus, is not the interior operator of and is not the closure operator of .
The following theorem reveals fuzzy relations can be researched by means of topology.
Theorem 32. Let 1 and 2 be two preorder fuzzy relations on . Then
(1)
. By Remark 7 and Theorem 29(3),
for any , ∈ . Then 1 = 2 .
Sufficiency. This is obvious. (2) By Propositions 19 and 24(5), For any , ∈ ( ), since
we have 
Fuzzy Topologies versus Fuzzy Approximation Spaces
As can be seen from Section 4, a reflexive fuzzy approximation space yields a fuzzy topology. In this section, we consider the reverse problem; that is, under which conditions can a fuzzy topology be associated with a fuzzy approximation space which produces the given fuzzy topology?
In what follows, we investigate fuzzy approximation spaces or fuzzy relations induced by fuzzy topologies, introduce the concept of fuzzy approximating spaces, and consider fuzzy topologies which satisfy (CC) axiom.
Fuzzy Approximation Spaces Induced by Fuzzy Topologies
Definition 34. Let be a fuzzy topology on . Define a fuzzy relation on by
Then is called the fuzzy relation induced by on and ( , ) is called the fuzzy approximation space induced by on .
Theorem 35. Let be a fuzzy topology on and let be the fuzzy relation induced by on . Then consider the following.
( 1) is reflexive.
Proof.
(1) For each ∈ ,
Then is reflexive.
(2) For each ∈ ( ), by Remark 1 and Proposition 8(2),
Then for each ∈ ,
Thus cl ( ) ⊆ ( ).
Theorem 36. Let be a reflexive fuzzy relation, let be the fuzzy topology by on , and let be the fuzzy relation induced by on . If is transitive, then
= .
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Proof. For each ( , ) ∈ × , by Remark 7, Proposition 19, and Theorem 29(3),
(85)
(CC) Axiom.
The following condition for a fuzzy topology on is called (CC) axiom:
(CC) axiom: for any ∈ and ∈ ( ),
Theorem 37. Let be a fuzzy topology on . If satisfies (CC) axiom, then
(1) is the closure operator of . (2) is Alexandrov.
Proof. (1) For each ∈ ( ), by Remark 1 and (CC) axiom,
(88) Thus ( ) = cl ( ). So is the closure operator of .
(2) For each ∈ ( ), by (CC) axiom and Theorem 37(1),
Hence is Alexandrov. 
(1) For any C ⊆ ,
For any ∈ , ∈ 2 and
Similarly, we can prove that 
If A ⊆ , then by (1 * ),
By (2 * ) and (3 * ),
Thus, is an Alexandrov fuzzy topology on . 
Thus, does not satisfy (CC) axiom.
Theorem 39. Let be a preorder fuzzy relation on . Then satisfies (CC) axiom.
Proof. For any ∈ and ∈ ( ), by Theorem 29(3) and Proposition 8(6),
Thus satisfies (CC) axiom. 
Then int ( ) = ( ) ( ∈ ) .
Thus is the closure operator of .
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Sufficiency. By Theorem 35 (1), is reflexive. For any , , ∈ , put cl ( 1 )( ) = . By Remark 1 and Proposition 8(2),
Then
Then is transitive. So is preorder. For each ∈ ( ), by Proposition 19 and Theorem 29 (3) cl ( ) = cl ( ) = ( ) . 
is the closure operator of . (6) is the interior operator of .
(1) ⇔ (2). This is obvious.
(1) ⇒ (3). Suppose that satisfies (CC) axiom. Pick = . By Theorem 37 (1) , is the closure operator of . By Theorem 16 (1) , is preorder.
(3) ⇒ (4). Let be the closure operator of for some preorder fuzzy relation on . For each ∈ ( ), by Proposition 8(3),
Thus, is the interior operator of .
(4) ⇒ (6). Let be the interior operator of for some preorder fuzzy relation on .
For ( , ) ∈ × , by Remark 7, 
Thus satisfies (CC) axiom.
The following theorem reveals that we can research fuzzy relations or fuzzy approximation spaces by means topology and vice versa. 
Then there exists a one-to-one correspondence between Σ and Γ.
Proof. Two mappings : Σ → Γ and : Γ → Σ are defined as follows:
By Theorem 36,
where ∘ is the composition of and and Σ is the identity mapping on Γ. By Theorem 40,
where ∘ is the composition of and and Γ is the identity mapping on Σ.
Hence and are two one-to-one correspondences. This prove that there exists a one-to-one correspondence between Σ and Γ.
Fuzzy Approximating Spaces.
Below, we introduce the concept of fuzzy approximating spaces, which enable us to study fuzzy relations or fuzzy approximation spaces by means of topology. 
Proof. This holds by Proposition 17(2), Theorems 20(1) and 28.
Fuzzy Pseudoclosure Operators
In this section, we will define the concept of fuzzy pseudoclosure operators induced by a fuzzy topology and investigate their properties. For any ∈ , ∈ 2 , we define
Obviously, ( ) ⊆ ( ).
Definition 47. Let be a fuzzy topology on . Define (1) Consider (0) = 0. 
We have 0 = 0. Thus 
We can easily prove that 
Then ( ) = (cl ( )) = cl ( ) = .
(5) Let ∈ ( ). Then there exist ∈ and ∈ 2 such that = . 
Note that ( ) ⊆ cl( ) by (2) . Then ( ) = cl ( ).
(ii) If = 0, then = 0. By (1), (0) = 0. Thus ( ) = cl ( ) ( ∈ ( )) .
Hence coincides with cl as operators from ( ) to ( ) .
Theorem 49. Let ( , ) be a reflexive fuzzy approximation space. Then ( ) = ( ) ( ∈ ( )) ,
where is the fuzzy topology induced by ( , ).
Proof. For each ∈ ( ), by Proposition 19 and Theorem 29(3), cl ( ) = cl ( ) = ( ) .
By Theorem 48(5), ( ) = cl ( ). Thus
Conclusions
In this paper, relationships between fuzzy approximation spaces and fuzzy topology were discussed. We proved that there exists a one-to-one correspondence between the set of all preorder fuzzy relations and the set of all fuzzy topologies which satisfy (CC) axiom. We presented the concept of pseudoconstant fuzzy relations and gave topological structures of fuzzy approximation spaces by using them. We introduced the concept of fuzzy approximating spaces and obtained decision conditions that a fuzzy topological space is a fuzzy approximating space.
The results of this paper may have at least the following functions. Fuzzy relations can be researched by means of topology or lower and upper sets (see Theorems 15, 16, and 32) . The concept of fuzzy approximating spaces and the fact that there exists a one-to-one correspondence between the set of all preorder fuzzy relations and the set of all fuzzy topologies satisfying (CC) axiom enable us to study fuzzy relations or fuzzy approximation spaces by means of topology (see Theorem 42 and Definition 43). Separation axioms can provide means to distinguish various fuzzy rough sets and give more local information or knowledge (see Theorem 23) . We hope that one can find applications of topological structures of fuzzy approximation spaces for real life problems.
